The potential for systematic errors in radiotherapy of a breathing patient are considered using the statistical model of Bortfeld et al. (Phys. Med. Biol. 47 2203-2220. It is shown that although averaging over 30 fractions does result in a narrow gaussian distribution of errors, as predicted by the central limit theorem, the fact that one or a few samples of the breathing patient's motion distribution is used for treatment planning (in contrast to the many treatments fractions that are likely to be delivered) may result in a much larger error with a systematic component. The error distribution may be particularly large if a scan at breath-hold is used for planning.
Introduction
Intra-fraction organ motion, motion during treatment delivery, has been a topic of much recent discussion in radiotherapy. This is particularly of interest for treatment sites susceptible to the effects of normal breathing motion, such as the lung.
Some of this discussion has focused on the question of how the effects of breathing average out over the course of a multi-fraction treatment. As Bortfeld et al. (Bortfeld et al. 2002 , Jiang et al. 2003 ) point out, each fraction delivery constitutes random sampling of a distribution given by the spatial probability distribution of organ motion. The delivery of multiple fractions can be seen as the convolution of multiple of these probability distributions. The end result is a convolution of the probability distribution function (PDF) with itself N times, where N is the number of fractions.
For a large number of fractions this yields a gaussian distribution, by the central limit theorem (Barrett and Swindell 1981) . The coefficient of variation of this gaussian decreases with N as 1/√N.
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Thus it might seem that the effects of the inherent averaging in a fractionated treatment result in smaller errors that decrease rapidly with fraction number. In this note we show that whilst this may be the case for random errors, significant systematic errors may still ensue, because one special sample of the motion PDF is used to plan the treatment. This is particularly the case if the centre of mass (COM) of the motion PDF does not correspond to the maximum point of the distribution (i.e.
where the PDF has its maximum value), as is the case for many of the idealised motion models presented in the literature which are based on trigonometric functions.
In other words, while the delivery of many treatment fractions will substantially reduce the impact of positional error during treatment, the fact that one, or just a few, samples of patient data are used for planning means that the error in determining the patient's anatomy in the planning process will not be reduced by such an amount, and hence, this is likely to be the dominant factor in the overall set-up error during treatment.
Methods
A typical radiotherapy treatment consists of several fractions of radiation, based on a treatment plan designed on a single scan of the patient in the treatment position. This planning scan may often be a CT scan. In the case of a lung cancer patient, with a mobile tumour, the scan will often be taken at free breathing or with breath hold at inhale or exhale. Some protocols have been developed that involve using several scans to determine variability in the tumour position (Yan et al. 2000) . For free breathing and a single scan, and assuming the motion of internal anatomy follows the 4 same probability distribution as during treatment, one sample of the PDF of intrafraction motion is taken. If N S scans are taken, then the resulting PDF is the convolution of that for a single scan N S times:
Where we have one-dimensional motion in x and the scaling x′=x/N S is needed to keep the average value of x constant. In other words, if N S scans are used they are each weighted by 1/N S . Now consider treatment over several (N F ) fractions in which the patient is allowed to breathe freely. As pointed out in an important paper by Bortfeld et al. (Bortfeld et al. 2002) , the result of the averaging effect of the fractionated delivery is described by a similar convolution:
The total error is then given by the correlation:
The effects of using one or a few samples of the PDF for planning were investigated for two of the idealised PDFs presented in the literature. The first is the sine distribution of Bortfeld et al. (Bortfeld et al. 2002) :
This distribution has a mean value, x , zero and a variance, σ 2 , R/2, where R is the amplitude of motion.
The second is the even power distribution of Lujan et al. (Lujan et al. 1999 ) with n=3:
Where b is the peak to peak amplitude of motion. Note Lujan et al. used cos ωt and here sin ωt is used for similarity to eq. 4. This makes no difference to the results and simply constitutes a different starting phase. They also add an offset Z 0 to eq. 5. Again this does not change the result, it simply shifts the position of the PDF in x. The mean and variance are given by:
Results Figure 1a shows PDFs for 1, 2, 3, 5 and 30 fractions for the sine case (eq. 4). This is equivalent to fig. 2 in Bortfeld et al. (Bortfeld et al. 2002) . Figure 1b fig. 1 are also shown, labelled, "Random", as this gives the random error if the planning/simulation process is not considered. Fig. 2a shows the sine case and fig. 2b the sine 2n case. For both cases, the distributions for all N S curves are much broader than for the random curve. For sine 2n , the N S curves are asymmetric. The higher the value of N S , the narrower the distribution as expected, since taking several 6 planning scans and performing some sort of averaging gives a better estimate of the PDF for treatment over many fractions.
In order to estimate the effect quantitatively, cumulative probability distributions (CPD) were calculated from the data in fig. 2 . This is the probability that the average positional error (treating positive and negative errors as equivalent) is lower than a certain value. Thus for x =0, CPD=0 and for x is large, CPD=1. CPD for both cases are shown in figure 3 for the four values of N S , for the random case and for a single scan (N S =1) taken at the maximum of the PDF for a single scan, corresponding to breath hold. This is labelled "Exhale". The name Exhale was chosen for this point as this is the maximum of the PDF and the maximum of a patient's PDF is expected to correspond to exhale (Lujan et al. 1999) . For the sine case, this position is at ±R and for sine 2n at 0. For both cases the breath hold position is not at the centre of mass of the distribution and hence, a significant difference between the average over 30 fractions and the position at scanning ensues. In fig. 3b , the scale of the fractional deviation has been set to b/2 to make the CPD consistent with fig. 3a . Table 1 lists 95% and 75% CPD values from fig. 3 . This shows that simply using the central limit theorem prediction will result in a much smaller estimated mean position variation than if the effects of using one or more samples of the movement distribution to plan the treatment are considered. The latter explicitly considers the effect of systematic errors which are expected to have more impact than random treatment errors (van Herk et al. 2000) . Averaging over several planning scans does significantly reduce the systematic error.
Keall et al. (Keall et al. 2005) have proposed the use of 4D CT, in which respiratorycorrelated CT data is taken and used to form a set of scans (typically 10) which are equally spaced throughout the breathing cycle. Such data could also be used to estimate the PDF from the 10 samples and hence to reduce the treatment error towards the "random" value by determining the COM of the distribution.
In this analysis, the dose distribution has not been considered explicitly. Evidently the dosimetric consequences of a given mean planning error depend on the dose distribution and on margin size. It is clear, however, that the smaller the variation in the position of the target relative to its planned position, then the smaller the margin needs to be. Although the actual margin necessary cannot be determined without knowledge of the dose distribution.
Conclusions
We have shown that whilst the central limit theorem describes random errors in fractionated radiotherapy of a breathing patient, it does not describe the total treatment error. This is a consequence of the fact that one or more samples of the patient's movement distribution are used to plan the treatment, leading to the possibility of systematic error. These results suggest that any planning method that accounts for motion should be coupled to a verification approach that compensates for the sampling method used for obtaining the initial patient model for planning. figure 3 corresponding to 95% and 75% cumulative probability for two idealised PDFs (see eqs. 4 and 5). The deviation is expressed as a fraction of the peak-to-peak amplitude of the function. N S denotes number of planning scans. "Exhale" refers to a single scan taken at breath hold.
"Random" refers to a fractionated treatment without systematic errors being taken into account. 
